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CHARTS AND APPROXIMATE FORMULAS FOR THE ESTIMATION OF AEROELASTIC EFFECTS
ON THE LATERAL CONTROL OF SWEPT AND UNSWEPT WINGS!

By KexxETH A. Foss and FRanxgLix W. DiEDERICH

SUMMARY

Charts and approrimate formulas are presented for the estima-
tion of static aeroclastic effects on the spanwise lift distribution,
rolling-moment coefficient, and rate of roll due to the deflection
of atlerons on swept and unswept wings at subsonic and super-
sonic speeds. Some design considerations brought out by the
resufts of this report are discussed.

This report treats the lateral-control case in @ manner similar
to that employed in NACA Report 1140 for the symmetric-
Hight case and is intended to be used in conjunction with NACA
Report 1140 and the charts and formulas presented therein.

INTRODUCTION

The lateral control and manecuverability of a wing are
important design considerations. These characteristics may
be affected (o a significant extent by aeroelastic action,
particularly at high dynamic pressures and in the case of
thin wings, swept wings, and wings designed for low wing
loadings, because the operation of ailerons and spoilers
usually creates acrodynamic forees which deform the wing.

As a result of these deformations, the angles of attack
along the span often change in such a manner as to produce
lifts which oppose the rolling moment of the aileron or
spoiler; furthermore, these lifts cause additional deforma-
{ions which may again reduce the rolling moment, and so on,
until equilibrium is reached. Wing flexibility may thus
cause a serious loss in the control power; in fact, if the
dynamic pressure of the airstream is sufficiently high, the
aileron rolling moment may be completely nullified. The
speed and dynamic pressure at this condition are often re-
ferred to as the aileron reversal speed and reversal dyvnamie
pressure, because at higher dynamic pressures the controls
would have to be reversed in order to roll the airplane.
When wing flexibility causes a loss in lateral control, there is
also usually a loss in the rolling maneuverability, which may
be expressed as the wing-tip helix angle due to rolling and is
aflected by changes in both the control power and the damp-
ing in roll. These aeroelastic effects on the lateral control
and mancuverability have to be taken into account in the
design of a wing.

Several methods are available for calculating these
effects (ref. 1, for instance), but, sinee these effects depend

on the structural characteristics of the wing, which are not
accurately known in advance of its design, the relatively
large amount of time required for even the most efficient
of these methods militates against their use in connection
with preliminary design calculations. A need exists, there-
fore, for means of estimating quickly some of the more
important aeroelastic effects on lateral control with an
accuracy that is sufficient for preliminary design purposes.

The related problem of estimating static aeroelastic
effects on the magnitude and spanwise distribution of the
lift in symmetric flight has been treated by the charts and
approximate formulas presented in reference 2. The pres-
ent report consists of an extension of the analysis of refer-
ence 2 to the lateral-control case. Inasmuch as the static
acroelastic equations are linear, the results presented in
the two reports may be superimposed. Included in the
present report are approximate formulas for the estimation
of the static aeroelastic effects on the spanwise lift distri-
bution, rolling moment, and rate of roll due to aileron deflec-
tions on swept and unswept wings at subsonic and supersonic
speeds.  Also  presented are summary charts which
indicate whether a given design is likely to be affected by
losses in lateral control. By means of these charts and
approximate formulas as well as those of reference 2, the
conventional procedure of designing a wing on the basis of
certain strength criteria, checking it for aeroelastic phe-
nomena, and then reinforcing it, when necessary, to meet
the stiffness requirements imposed by these phenomena can
often be simplified greatly, inasmuch as the effect of some of
these phenomena can be estimated in advance of design.

In order to keep the length of the report to a minimum
and to avoid a repetition of much of the material presented
in reference 2, the present report has been written in such a
manner as to facilitate its joint use with reference 2 rather
than tomalke it entirely self-contained. The use of the charts
and approximate formulas presented herein is described and
the limitations of the charts and the light they shed on some
design problems are discussed. A numerical example is
included to illustrate the use of the approximate formulas
of this report. A brief description of the calculations on
which the charts and approximate formulas are based is
contained in the appendix to supplement the more detailed
derivations in references 1 and 2.

! Previously released as NACA TN 2747, “Charts and Approximate Formulas for the Estimation of Aeroclastic Effects on the Lateral Control of Swept and Unswept Wings” by

Kenneth A. Fossand Franklin W. Diederich, 1952.
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SYMBOLS
aspect ratio, %S
swept-span  aspect ratio, .l/cos® A
location of section acrodynamic center

measured from leading edge, fraction
of chord

wing span, in.

chord (measured perpendicular to elastic
axis), in.

aileron chord, in.

section lift-curve slope per radian

effective wing lift-curve slope per radian

rolling-moment cocfficient

damping-in-roll derivative

rolling-moment coefficient due to aileron
deflection

location of chordwise center of pressure
of lift produced by aileron deflection
measured from leading edge, fraction
of chord

dimensionless sweep parameter,
(@l tan? A
E&D). an? .

Young’s modulus of elasticity, Ib/sq in.

location of clastic axis measured from
leading cdge, fraction of chord

dimensionless moment arm of seetion lift
about elastic axis, e—a

dimensionless moment arm of lift due to
aileron deflection about elastic axis,
Cps—¢

root-stiffness function given in equation
(B25) of reference 2

allowable bending stress, lb/sq in.

dimensionless function of distance along
span used in approximate formulas for
angle of attack due to acroclastic
action of ailerons

modulus of rigidity, lb/sq in.

wing thickness, in.

section bending moment of mertia, in.*

mass moment of inertia of entire airplane
aboul its longitudinal axis, in.4

mass moment of mnertia of both wings
about longitudinal axis of airplane, in.*

section lwisting moment of inertia, in.’

dimensionless parameters used in approx-
imate formulas for dimensionless dy-
namic pressures at aileron reversal
given in table I

dimensionless sweep parameter,
e (@)
ey, (IXI),
parameter A/e is identical to & except
that ¢, 1s replaced by ¢,

lift per unit distance along span, 1b/in.

rolling moment on both wings, in-lb

bending moment about an axis perpen-
dicular to clastic axis, in-1h

free-stream Mach number

tan A; the dimensionless

n
P
b2V
q

q*

T
W
W

1,
Subscripts:

D

¢

design load factor

rolling acceleration, radians/see?
wing-tip helix angle due to roll, radians
dynamie pressure, 1b/sq ft
dimensionless dynamic pressure,

q (’La(elc,'zs,? COSA ) )
14 @G the dimensionless
dynamic pressure eg* is identical to g*
except that e, is replaced by e2

dimensionless dynamic pressure,

('Lacc,s,“ sin A

144 (ED),

total wing area, sq in.

distance along clastic axis measured from
wing root, in.

dimensionless distance along clastic axis,
s/s¢

accumulated torque about clastic axis,
in-1b

distributed torque due to inertia loading,
mn-1b/in.

airspeed, {t/sec

design gross weight of airplane, 1b

weight of primary structure of both wings,
1b

lateral coordinate, in.

angle of attack in planes parallel to plane
of symmetry, radians

angle of attack equivalent {o unit aileron
deflection, radians

angle of local dihedral, radians; or span-
wise slope of normal displacement of
elastic axis

aileron deflection measured in planes
parallel to airstream, radians

moment-arm ratio, esfe;

structural-effectiveness factors defined in
equation (15) of reference 2

structural-efliectiveness factors defined in
table 1 of reference 2

angle of sweepback at elastic axis

wing taper ratio, ¢fe,

density, slugs/cu ft

angle of structural twist in planes per-
pendicular to clastic axis, radians

tip stiffness ratio, W(EI)I
1]

conzianl siress

unit step function of distance along span

at divergence

at inboard end of aileron; inertia, in
equation (36b)

at outboard end of aileron; except in A,

at aileron reversal

at wing root

structural (duc to structural deformation)

at wing tip

rigid wing (for ¢*=eq*="7¢=0)
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USE OF THE CHARTS AND APPROXIMATE FORMULAS

SUMMARY OF METHOD AND SCOPE OF THE CALCULATIONS ON WHICH
THE CHARTS AND APPROXIMATE FORMULAS ARE BASED

A briefl deseription of the method and scope of the cal-
culations is given here to indicate the limitations of the
charts and approximate formulas. A detailed description
of the method is given in the appendix.

Most of these calculations were performed by an exten-
sion, based on reference 1, of the matrix method described
m appendix A of reference 2. This method consists in
solving the differential equations descriptive of an elas-
tically  deformed wing under acrodynamic loadings by
numerical methods employing matrix techniques.  Treated
by this method were wings with three taper ratios (1, 0.5,
0.2), one aileron configuration (50 percent semispan, out-
hoard), two types of stiffness distributions, several values
of the sweep parameters L and d which include sweptfor-
ward, unswept, and sweptback wings, and several values of
the section momen{-arm ratio € and the dynamic-pressure
ratio g/gp. Caleulated for each case were the dynamic
pressure at aileron reversal and the changes in the spanwise
lift distribution and rolling moment due to aileron deflection.
For the constant-chord-—-constant-stiffiness wings, calcula-
tions were also performed by an extension of the analytic
method deseribed in appendix A of reference 2, which con-
sists in solving the differential equations exactly for these
relatively simple cases; these calculations were made for
{wo aileron spans and several values of the parameters
I, d, e, and 9fqp. In all cases the ratio of the aileron chord
to the wing chord was constant along the span of the aileron.

Some approximations have been made in the caleulations
concerning the acrodynamic induction effects, the root
rotations, and the stiffness distribution, primarily in order
to hold the number of variables considered in the analysis
to a minimum and {o make the results more generally
applicable.

Acrodynamic induction effeets at subsonic speeds are
taken into account by an overall reduction of the strip-
theory loading and, in the matrix calculations, by rounding
off the strip-theory loading at the tip (see refs. 1 and 2);
for supersonic speeds strip theory is used with a small reduc-
tion at the tip in the matrix calculations. This approxima-
tion has made it unnecessary to consider explicitly the
effects of aspect ratio, sweep, and Mach number on the
rigid-wing lift distribution; the effects of these parameters
on the total lift and on the aeroelastic increment to the lift
distribution have been taken into account.

The rigid-body rotations imparted to a swept wing by its
triangular root portion vary among different designs in a
largely unpredictable manner. They have therefore been
taken into account only by the use of an cffective root, the
seleetion of which in any given case is discussed briefly in a
subsequent seetion.

The spanwise distributions of the bending and torsional
stiffnesses depend on the detailed design of the wing and
cannol bhe generalized easily. The stiffness distributions
used in the caleulations of acroelastic effects were obtained
from the constant-stress concept outlined in appendix B of
reference 2, whicl constitutes an effort to relate the stiff-

ness of a wing to its strength on the basis of the following
assumptions:

(1) The combined bending and torsional stresses are
constant along the span.

(2) The bending and torsional stresses are combined in
such a manner that the sum of the ratio of the actual to the
allowable bending stress and the ratio of the actual to the
allowable torsion stress is equal to unity when the margin
of safety is zero.

(3) The structure is of the thin-skin, stringer-reinforced
shell type and its main features do not vary along the span;
for instance, the number of spars and their chordwise loca-
tions are constant along the span.

(4) At the design condition the spanwise distribution of
the applied loading is proportional to the chord.

Also used in the caleulations were stiffness distributions
which vary as the fourth power of the chord, as do those of
solid wings and wings with geometrically similar cross
sections; as pointed out in a subsequent section. the results
of these calculations can be used to estimate aeroclastic
phenomena of some wings which have large cutouts or
which for some other reason do not have stiffness distribu-
tions represented fairlv closely by those of the constant-
stress type.

All calculations are based on the assumptions that twist-
ing is resisted primarily by the torsion cells of the wing
structure and that the wing deformations can be estimated
by means of the clementary theories of bending and torsion
about an clastic axis.

SELECTION OF PARAMETERS

Geometric parameters.—The geometric parameters used

in the analysis are defined in figure 1. The location of the
Genter of pressure due to aileron deflecﬁon-.\

Elastic axis-. _
Aerodynomic center . )

¥
(ML
3

5
2
b

2
Firaure 1.—Definitions of geometric parameters.
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effective root indicated in this figure is discussed in refer-
ence 2. In the present report the angle of aileron deflection
8 is defined as being measured in planes parallel to the air-
stream. This angle is equal to the product of the angle of
rotation of the aileron about the hinge axis and the cosine of
the sweep angle of the hinge axis.

Although most of the charts and approximate formulas
are based on a half-span outboard aileron (s;*=0.5, s,*=1),
the results of the analyvsis of the uniform wings with full-
span ailerons (s;*=0, §,*=1) and “tip ailerons” (s;*—1,
8,¥=1) indicate that, except for the angle-of-attack distri-
butions, the results based on a half-span aileron may be
expected to be valid for outboard ailerons having spans

which differ considerably from one-half.
Aerodynamic parameters.—The aerodynamic parameters

which enter the analysis are the effective wing lift-curve
slope, the location of the wing aerodynamic center, the loca-
tion of the chordwise center of pressure due o aileron
deflection, and the angle of attack equivalent to unit aileron
deflection. An cffective wing lift-curve slope C’L“e’ ap-
plicable to basic lift distributions due to built-in twist,
aileron deflection, roll, or aeroelastic twist, is approximately
given at subsonic speeds by the relation

A A
Cp, =y — 52 (1)

a a

Cq
A4 —2cos A
27
where ¢;_is approximately given by

27
@

"‘_\'1 —Mcos® A -

Cq

The basis of equation (1) is explained in reference 2. At
supersonic speeds (more specifically, for supersonic leading
and trailing edges), the effective wing lift-curve slope is
approximately

4 cos A
= 3)

) L”e_\ﬂ[og cos? A—1

provided 1/, is greater than 1/cos A. If 17, is greater than
1 but less than and not too close to 1/cos A, equations (1) and
(2) may be used in the absence of better information ; however,
the results obtained for this range of Mach numbers should
be used with caution.

The lift-curve slopes given by equations (1) and (3) should
not be confused with the rigid-wing lift-curve slope or the
damping-in-roll derivative; they are merely effective values
suitable for acroelastic calculations. Values of the rigid-
wing lift-curve slope and the damping-in-roll derivative can
be used in conjunction with the methods of the present
report and of reference 2 to obtain the values of the flexible-
wing lift-curve slope and the damping-in-roll derivative
because means are presented herein and in reference 2 for
estimating the ratios of the flexible-wing to the rigid-wing
values. For this purpose any experimental information
concerning the rigid-wing values can be used; if none is
available, references 3, 4, and 5 may be used at supersonic
speeds and reference 6, at subsonic speeds.

The local aerodynamic centers are assumed to be at a
constant fraction of the chord from the leading edge, so that
they are all equal to the wing aerodynamic center as a fraction

COMMITTEE FOR AERONAUTICS

of the mean aerodynamic chord. The moment arm e, is

then given by the relation

e=e—a 4)

The local centers of pressure of the lift due to aileron de-
flection are also assumed to be a constant fraction of the
chord from the leading edge; and the moment arm e, is then
given by

€2=CPs—¢ (5)

Theoretical two-dimensional values of the parameter ¢p; are
presented in figure 2 for both trailing-edge and leading-edge
ailerons at subsonic and supersonic speeds. At subsonic
speeds the effect of finite span is to shift the center of pressure
rearward. An appropriate value for this rearward shift
may be estimated from the following relation, based on
lifting-line theory for unswept elliptic wings with full-span
ailerons:

4 1
CPoyr —CPoyy= f\ CPoy 1

where the subscripts II and III refer, respectively, to two-
and three-dimensional values. The use of the swept-span
aspect ratio s, in place of A should serve to extend this ap-
proximate relation to swept wings.

Theoretical two-dimensional values of as, the angle of
attack equivalent to unit aileron deflection, are also given
in figure 2. At low aspect ratios the values of a; for sub-
sonic speeds tend to be higher than these two-dimensional
values; as the aspeet ratio approaches 0, a; approaches 1, at
least in the case of wings without reentrant trailing edges.
Experimental values of both «; and ¢p; are preferable to
theoretical values if they are available. For spoilers, ex-
perimentally obtained values have to be used.

The effective lift-curve slope and the values of the section
moment arms vary with the free-stream Mach mumber;
hence, the appropriate values must be used at each flight
condition for which acroelastic calculations are made.

The airspeeds at which the lateral-control aeroclastic
phenomena are of interest enter the calculations in the form
of the corresponding dynamic pressures. These dynamic
pressures, in turn, are expressed in dimensionless form by
means of the relations
(,},%e,c',z.,\',2 cos A

LA
C=114 T @GOy, ©)
. ¢ Cr, 0208/ cos A _
€= (7
144 (GJ),
or
» 3o
e g (’Larc,.s, sin .\ ®
144 (ED),
The ratios of these quantitics,
__j__ Sy (GJ),
A—q*—elc, ED), tan A (9)
and
kE_4 _ s @) tan A (10)

e eqt esci (ED),

are independent of the dynamic pressure and are very useful
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for analyzing the acroelastic behavior of swept wings. Two
other dimensionless parameters, which are indepeundent of
the dynamic pressure, enter the caleulations:

€2

=2 (11)
and
(1:%%% tan? A (1 2)

Structural parameters.—IFor the purposes of an aeroelastic
analysis the wing structure is characterized by the location
ol the clastic axis, the magnitude and distribution of the
bending and torsional stiffnesses ££7 and GJ, and the magni-
tude of the rigid-body rotations imparted to the wing by its
root (taken into account in this report only by the location
of an effective root). The selection of these structural
parameters is discussed in reference 2.

PRELIMINARY SURVEY OF LOSS IN LATERAL CONTROL

The information contained in some of the charts and ap-
proximate formulas presented in the following sections of
this report has been summarized in figures 3 to 5 for the
purpose of ascertaining in advance of more detailed esti-
mates, if desired, whether the aeroelastic phenomena con-
sidered in this report are likely to affect the design of the
wing structure. This preliminary suvvey is not essential
to any of the further calculations but may show them to be
unnecessary in some cases. These figures pertain to constant-
stress wings with half-span outboard ailerons.

The charts of figures 3 (a), 4 (a), and 5 (a) pertain to wings
of taper ratios 0.2, 0.5, and 1.0, respectively, with the moment
arm ey equal to 0 (corresponding roughly to subsonic flow

1.0
e

P 8 —
&2) & / ~
= .6
83 - L~
Tt o
c & 4
S g ~
2 ~
<

2

—
//

0

1.2 1

1O Subsonic-
pe] ~~ —_— Supersonic
@ Q{? —
394 P
25 i
a = \\
ads’ —1
-« © —
- & K\
2 g —
3% T

.2

(0)
0 2 4 6 8 1.0

Aileron-chord ratio, ¢ /¢

(a) Trailing-edge ailerons.

Aileron - effectiveness

Genter of pressure due to

5

conditions and elastic-axis locations fairlyv far back on the

wing). These figures show the dynamic-pressure parameter
¢* defined by either equation (6) or
_(n Crgfrcosd p (13)
18432 @ nH hs
fB S P rfa

plotted against the sweep parameter %k defined by equation
(9) or

I Ay
F= 5 =~ tan A

14
7719(’1 ( )

G,
E"

for several wvalues of the aileron effectiveness parameter
Cu,f 0’50 and for two values of the stiﬁ'ness parameter

_(_l__gE'I), e,c (15)
BT (@), ?
or
d 32 mgf’l) Nen7
== 1
k? (1'“‘)\) G NsNeN13Ms (16)

where I, 1s a root-stiffness parameter, and 7, m, s, 7, s,
79, 15, AN 719 are structural-effectiveness factors defined in
reference 2. (If, at the time a preliminary survey of aero-
elastic effects is to be made, no information whatever con-
cerning the wing stiffness is available, eqgs. (13), (14), and
(16) may be used; if an estimate of the root stiffnesses
(GJ), and (E1), is available, egs. (6), (9), and (15) may be
used.)

The charts of figures 3 (b), 4 (b), and 5(b) are the same as
those of figures 3 (a), 4 (a), and 5 (a), respectively, except
that these charts are for wings with the moment-arm ratio
e equal to unity (corresponding roughly to subsonic conditions
with the clastic axis fairly far forward on the wing).

1.0
| ] |~
8 Subsonic - ]
’ _— Supersonic L~
& A
.6
5 1~
[:}]
£ -
& P /
2
=
0 e
.6
p /
-—
/
Cad " —
8 o Z
< —
= — /
S /// /
=0
©
3
.'5
/
/
1 (b)
% 2 4 6 8 10

Aileron-chord ratio, ¢, /c

(b) Leading-edge ailerons.

Ficrre 2,—Theoretical two-dimensional values of the aileron-force parameters.
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The charts of figures 3 (¢), 4 (¢), and 5 (c) pertain to wings
with the moment arm ¢, equal to zero (corresponding roughly
to supersonic flow conditions). These figures show the
dynamic-pressure parameter eg* defined by either equation

(7) or
' s (] €s COS A
v (LN)? Lag”? 17
“UT8432 G aWh . (an
Fp S ¢ 'he

plotted against the sweep parameter /e defined by equation
(10) or

R W 1y

’E'— *2_ F Mo ;7—10 N tan A (18)
for two values of the stiffness parameter

d _(ED), <c>c
(/P @) (19

or

d — 32 _@_ (/77196’2)2 N7 7 (20)

(kfey (1+X) G\ Ay /J nsnanisns’

The various lines of the charts of figures 3 to 5 designate
the conditions at which a wing designed on the basis of
strength considerations alone is likely to encounter changes in
aileron rolling moment by various amounts due to wing
flexibility.  The lines for zero rolling moment designate
the conditions at aileron reversal. These charts should be
used in conjunction with the preliminary survey charts in
reference 2. The significance of the four quadrants of
figures 3 (a), 3 (b), 4 (a), 4 (b), 5 (1), and 5 (b) is the same
as that of the four quadrants of figures 2 (a), 2 (b), 2 (¢),
and 2 (d) of reference 2 and is discussed in the section “Pre-
liminary Survey of Aevoelastic Behavior’” of reference 2.
The significance of the quadrants of figures 3 (¢), 4 (c),
and 5 (¢) of the present report can be analyzed in the same
way, except that the moment arm e, takes the place of the
moment ¢;. These three figures are analogous to figure 2 (¢)
of reference 2 in that they pertain to the case e,=0. (Al-
though £ is infinite when ¢, is zero, which happens when the
scction aecrodynamic centers are on the elastic axis, the
parameter kfe is not infinite in that case, except if e, also
happens to be zero, a condition which can be realized only
with a full-chord aileron.)



CHARTS AND APPROXIMATE FORMULAS

After it has been found, through the use of the charts in
reference 2, to what extent the wing design is affected by
such acroelastic phenomena as divergence and aerodynamic-
center shift, the same procedure can be used with the pre-
liminary survey charts in this report to ascertain whether
the wing design is likely to be affected by lateral-control
difficulties. If these charts indicate the likelihood of sig-
nificant acroclastic effects on the aileron rolling moment,
further caleulations are desirable. The charts and approxi-
mate formulas of this report may be used for the preliminary
ealeulations; onee the structure has been designed, more
refined methods, such as that of reference 1, may be used.
CALCULATION OF THE AEROELASTIC PHENOMENA RELATED TO LATERAL

CONTROL

Analysis of the many solutions for the acroelastic phe-
nomena considered in this report obtained by the methods
given in the appendix shows that the data can be sum-
marized by means of approximate formulas. These for-
mulas involve the aecrodynamice, geometric, and structural
parameters of the wing through the dimensionless param-
cters &k, kle, ¢, and d (egs. (9), (10), (11), and (12), respee-
tively) and through a scries of constants K, to K;. The
constants are functions of the taper ratio, stiffness distribu-
tion, and aileron span and are given in table I. As in
reference 2, the form of these approximate formulas has
been guided by considerations based on an idealized semi-
rigid wing, and the actual values of the constants K; to
K; (K, and K, have been given in ref. 2) were obtained by
fitting the solution for the functions B, to B defined in the
appendix by equations (A18) and (A27) to their approximate
expressions, equations (A32).

Dynamic pressure at aileron reversal.—The solutions for
the aileron reversal speed obtained by the methods given in
the appendix can be summarized by approximate formulas
which give the dimensionless parameters g%z, (eg*)z, or
gr—that is, the values of the parameters defined in equa-
tions (6), (7), and (8) which correspond to the value of the
dynamic pressure at aileron reversal—in terms of the
parameters k, kfe, ¢, and d defined by equations (9), (10),
(11), and (12), respectively.

An approximate formula for ¢* is

* A&i.&kd)
4 R — (2
1'{'([{4‘1‘]&)[&3(1)6‘*‘[{ (I+I<ﬁ k ([ ]{A

Y

FOR ESTIMATION OF AEROELASTIC EFFECTS ON LATERAL CONTROL

11

For very small values of the section moment arm ¢, and
the resulting large values of the parameters ¢ and %, the
following alternative forms of equation (21) are more
conveaient to use:

m@—m%@
(E q*)k— p
ALK,

—+K+KKM'K d K1s

e k
- - €
K, (1_K3E d)
ed

k+([{4 i I{ng(l) +K°IL+I{G T A+I{.

and

(23)

(1}2:

When the angle of sweep is zero, equations (21) and (22)
reduce, respectively, to

* K, ;
q R= 1 1 K.;E (24)
and
(cm=—" (25)
K;—i-;

and when the moment arm e, is zero, as it may be in super-
sonic flow, equations (22) and (23) reduce to

QO—K&d)

I{.{ X 7]{.3(1 I

(€gM)r= (26)

| ol

and
m@-m%@
Yr= c 27
I{.|+ 1{21{3(1 E‘*— I{';

The constants K, to K; are given in table T for wings
having half-span outboard ailerons and taper ratios of 0.2,
0.5, and 1.0, for the two different types of stiffness distribu-
tions. These constants were found from the results of the
numerical matrix method derived in the appendix. Also
given in table I are these constants for uniform wings having
full-span ailerons and tip ailerons calculated from the results
of the analytic integration method of the appendix. Since
values of the constants K, to K; are given for three aileron

TABLE I.—VALUES OF THE COEFFICIENTS K, TO R;

, ! |
‘ o), . . oo o . i
A ) GJand ET ‘ ("/C)r | R ‘ Sy ‘ 'y Ko | Kg ‘ Ky i Ky ‘ K¢ Ry
1 i
, .
1 1.0 ‘ 1.0 i o 1.0 2.47 ‘ 0. 390 2,000 ‘ 1.028 , 0.615 I —0.285 —0.020
. 1.0 1.0 | .5 1.0 2,58 . 381 1.362 | 972 | L7158 | 194 028
1.0 ] Vary as ¢f 1.0 } -1 1.0 2,47 ! L300 | 1.000 .822 .850 310 129
.5 1 L0 .5 1.0 2.83 . 480 ‘ .891 1.009 643 ! 159 025
2 ! 1.0 | .5 1.0 | 2,92 . 590 633 | 1.033 567 134 —.016
1.0 \ 1O § ) 1.0 L7935 ‘ .252 1.362 946 | 430 —. 011 —.010
.5 Given by constant-stress cri- 1.0 ‘ ¥ 1.0 1.237 357 i .891 923 ! . 410 —.025 —. 031
.2 terion | L0 .5 1.0 1.830 .480 | .633 872 .392 —. 047 —. 053
-5 | .3 .5 Lo -928 310 | 891 852 | .83 | —.105 —.051
| Increased bevond values re- | i i
.o quired by constant-stress eri- ( l .
X terion 1.0 5 ' 10 | 1.700 ‘ .398 -891 ‘ 975 133 —. 006 —.015
1
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spans in the case of the uniform wing, they may be inter-
polated to yield values for other aileron spans. No calcu-
lations were made for other than half-span ailerons on
tapered wings; nevertheless, as pointed out previously, ¢z
calculated for half-span ailerons should be reasonably valid
for outboard ailerons having spans which differ considerably
from one-half.

No aileron-reversal calculations have been made for swept
wings with inboard ailerons. However, for unswept uni-
form wings the dynamic pressure at aileron reversal has been
calculated for the limiting case of a wing with an inboard
aileron of vanishingly small span by operational methods
similar to those described in the appendix in connection
with the calculations for uniform wings. The value of ¢*g
obtained in this manner is shown as a function of ¢ in figure
6. Also shown in figure 6 arc the values of ¢*; for full-span
and for tip ailerons. For small values of ¢, such as are likely
to be encountered in subsonic flight, there is little difference
in the values of ¢*r for the three aileron configurations, but
at large values of ¢, such as are likely to be encountered at
high-supersonic speeds, there is some difference between
them; the aileron reversal speed is highest for the tip aileron
and lowest for the inboard aileron. However, these con-
clusions may not be valid for nonuniform or swept wings.

With the values of ¢*z, (e¢*)g, and gr given by equations
(21), (22), and (23) and the definitions of these parameters
given by equations (6), (7), and (8), the values of ¢ at
aileron reversal may be determined. If desired, the corre-
sponding airspeed may be determined from the relation

v, =\/ Iz 28)

N p/2
If both ¢, (as obtained from ref. 2, for instance) and gg
are positive and g¢r is greater than ¢p, there is no actual
aileron reversal speed; in fact, the rolling moment due to

aileron deflection will tend to increase with dynamie pressure
until divergence is reached.

3

& O [T
~ p|_|——— Analytic method \ | Divergence
£ — — Eq. (A 36) |--Full-span aileron (57"=0)
E | ITip aileron (s;"=1)
g N
p Inboard _aileron (5720, S,—O) 1]
2 0=
2 | —
g ~TSN
z_, -1 \\\
E
2 ) RN )
2 ~2f Full-spen aileron (5/=0)-~ \\\
3 L Tip gileron (s —~1)- === \ - -
5 -3 :1-Inboard aileron (S/=0, $,—~0)i—
g A1 i e A

4 Wit tifid

-2 -0 -8 -6 -4 -2 0 2 4 6 8 10
€

Moment-arm ratio,

Ficure 6.—Comparizon of dynamic pressures at aileron reversal
calculated by the analytic integration method of the appendix
with those caleulated from equation (A36) for unswept uniform
wings.

Nor is there an actual reversal speed if gz is negative,
regardless of whether ¢, is positive or negative, although the
rolling moment due to aileron deflection will deerease slightly
with inereasing dynamic pressure if qr/gp is greater than 1.
Inasmuch as aileron reversal, unlike divergenee, is not an
instability problem, although it is often convenient to analyze
it as such, there is no possibility of encountering aileron
reversal in a higher mode when gz is negative, at least not
in the case of ordinary wings with straight leading and
trailing edges and with substantially straight clastic axes.

The value of gr calculated for any given value of g*p,
(eq*)r, or qr depends on the value of the effective lift-curve
slope ("7 and, hence, on the Mach number.  As suggested

2

in reference 1, the value of g may be plotted against Mach
number on log-log coordinates; if the straight lines of the
actual dynamic pressure at several altitudes as functions of
Mach number are drawn on the same plot, an intersection
of the reversal line with one of the lines of actual dynamic
pressure designates possible aileron reversal at that value of
dynamic pressure, Mach number, and altitude.

Spanwise angle-of-attack distribution.—In the appendix,
an approximate expression is determined for the change in
angle of attack due to the deflection of ailerons on flexible
wings. The ratio of the angle-of-attack distribituon due
to structural deformation «, to the effective angle of attack
of an aileron «;d is

&= (]/QD (I{.;E—*‘I{_)k)_fa—I{Jk A.[Il (99)
CY,S(S 1 _l 1 —I{_gk B
Ip

The functions f, and Af, of the spanwise coordinate s* are
given in figure 7 for wings having half-semispan outboard
ailerons, taper ratios of 0.2, 0.5, and 1.0, and the two different
types of stiffness distribution. The value of ¢p required in
equation (29) may be found from the approximate expression
for ¢*p or Gp given in reference 2 as

. K
q D_TF'ICJA' (30)
or
ED: ‘—'”*ALI’ (3 1)
Kot

When qp is very large, a more convenient form of equation
(29) is as follows:

ok 3
o e (KE-.—K-.)E)_fa—Kz;Afu 32)

wb |4 K,
b

Spanwise lift distribution.—Within the limitations of the
modified strip theory used in the analysis, the lift per inch
of span is proportional to the local effective angle of attack,

so that
(04

!
L=gecs, (‘a55+1a> (33)
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where o,/;8 1s obtained as indicated in the preceding section

. . . . 4
and 1, is a unit step function of the distance along the span
defined by |
1,=0 (when s<s) | )
== N
1,=1 (wvhen s>>s,) o= il AN
\\
. —— AN
Inasmuch as the functions f, and Af, have been calculated =k N\
. . . 3 \\
only for half-semispan outboard ailerons or spoilers, the AN ALK
expressions for angle-of-attack distributions and lift distri- NN ‘ O
butions (egs. (29) and (33)) can be used directly only for -4 NN N
this case. AN N
Rolling-moment coefficient and rate of roll due to aileron - N N
deflection.—The rolling-moment coefficient due to a unit ﬂ 8 Ny
aileron deflection (', may be obtained in terms of its equiva- E \
« . . . -
lent rigid-wing value from the approximate formula N
q (h/c), \\
( lb qR n -1.2 (h/C)r \‘\\
0 (3 ) —— 1.0 (Excess strength)
5, __i —_ 1.0 \‘
qpo —_— 5 N
and the wing-tip helix angle due to an aileron deflection a6 ~
pb/2V, which is a measure of the rate of roll and the rolling ’ N
mancuverability, may be obtained from
pb ) ( ) 35
o7 \2V @5 | _polt
21 I Ir 205 2 4 6 8 10
4 Dimensionless distance along span, s*
- | (b) Stiffnesses related to those given by constant-stress criterion for
— . = wings of taper ratio 0.5.
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aileron deflections. s,*=0.5. Ficure 7.—Concluded.
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The manner in which the aileron-eff ectiveness parameter
0'5/0150 varies with dynamic pressure depends on the ratio
of the reversal to the divergence dynamic pressure as may
be seen from equation (34) and figure 8. When the acro-
dynamic center is ahead of the clastic axis, as is generally
the case al subsonic speeds. ¢g/qp is positive and greater
than one for sweptforward wings, positive and less than one
for unswept wings, and negative for sweptback wings.
Thus, in general, (','B/C’,t50 increases with dynamie pressure

until divergence is reached for sweptforward wings; it de-
creases slowly at first and then more rapidly as reversal is
approached for unswept wings; and it decreases rapidly at
first and then more slowly for sweptback wings. The rapid
decrease in rolling effectivencss for sweptback wings can be
alleviated by the use of unconventional lateral-control
devices which have their centers of pressure ahead of the
clastic axis, such as leading-edge ailerons or spoilers.  These
devices may also serve to make the dyvnamic pressure at
aileron reversal negative, so that there is no reversal of
lateral control in the given speed range. The loss or gain
of lateral control is then given by the part of figure 8 for
negative values of ¢/yz.

The analysis summarized by the approximate formulas
(34) and (35) is based on rolling moments about the wing
root instead of about the fuselage center line, partly to
simplify the analysis and partly to avoid the introduction of
the fuselage width as another independent parameter. How-
ever, these approximate formulas should be wvalid for ob-
taining rolling moments and rates of roll about the fuselage
center line as well, because equations (34) and (33) are ex-
pressed as ratios of flexible-wing to rigid-wing values; that
is, the ratio of the rolling moment about the fuselage center
line to its rigid-wing value should be nearly the same as the
ratio of the equivalent rolling moment about the wing root
to its rigid-wing value when the ratio of the fuselage width
to the wing span is small.

The rolling-moment coefficient and rates of roll given by
equations (34) and (35) are functions of the aileron span
inasmuch as ¢z is a function of the aileron span.  The varia-
tion of €, or pb/217 with aileron span can therefore be found
only for uniform wings; however, since the effect of aileron
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Dynamic -pressure ratio, q/qﬁ

Ficure 8.—Variation of aileron rolling effectiveness with dynamic-
pressure ratio and the parameter ¢g/gp.
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span on gg is not very great, its effect on (7 or pb/217is not
likelx to be great.  The rolling moment due to the deflection
of an inboard aileron can be found by superposition, because
the aeroclastic equations upon which the results of this re-
port arc based are linear (that is, the rolling-moment coeffi-
cient due to a 30-percent-span inboard aileron, for example,
is equal to (' for a full-span aileron minus (', for a 70-
percent-span outboard aileron), but only in the case of the
uniform wing is the required information for the full-span
aileron presented herein. That the aeroelastic effects on
lateral control are likely to be similar for inboard as for out-
board ailerons, at least for unswept wings, may be deduced
from figure 6.

Inertia effects.—In steady rolling flight no inertia cffects
are present which can affect the static acroelastic problem
except, possibly, for centrifugal forces on heavy underslung
nacelles.  The maximum value of pb/217 is therefore usually
unaffected by inertia effects. However, in the equally im-
portant problem of initial rolling acceleration, which governs
the time in which a given rolling velocity can be attained,
inertia effects must usually be taken into account. In
reference 2 the observation was made that in symmetric
flight inertia effects are not as important as other static
acroelastic effects, except for flving wings, because the inertia
forces arc in about the same ratio to the aerodynamic forces
as the wing weight is to the airplane weight. By the same
reasoning, however, inertia cffects are almost always verv
important in getting into a roll, because the inertia forces
arc then in about the same ratio to the aerodynamic forces
as the moment of inertia of the wings about the longitudinal
axis of the airplane is to the moment of inertia of the entire
airplane about its longitudinal axis, a ratio which is usually
not much less than 1.

No charts are presented in this report for these inertia
cffects because the manner in which mass is distributed
varies so widely among different airplanes that preparation
of a generally applicable set of charts appears to be im-
practical at present. However. the procedure outlined in
reference 2 for taking inertia effects into account in the cal-
culation of quasi-static aeroelastic phenomena by means of
the charts presented therein may be applied to the calcula-
tion of the inertia effects encountered in starting a roll.
This procedure is deseribed in the following paragraphs.

For a given rolling acceleration p, the linear normal accel-
cration of an element of mass at a distance y from the center
line of the airplane is py. From this linear acceleration and
the known or estimated mass distribution of the wing, the
inertia load /; per inch of span and the inertia torque f; per
inch of span can be calculated for any given normal, pitch-
ing, or rolling acccleration. Substitution of these loads and
torques for the terms [ and /e,c in equations (A3) or (A36)
and equations (A2) or (A35) of reference 2, respectively,
vields the values of the accumulated bending moments and
torques in equations (A4) and (A5) or in equations (A37)
and (A38) of reference 2. Equation (A6) of reference 2, or
the matrix equivalent of this equation, then yields the angle-
of-attack distribution due to the deformations caused by the
inertia effects associated with the given acceleration.
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This angle-of-attack distribution can be considered as a
geometrical angle-of-attack distribution; for the purpose of
caleulating the inerement caused by acroelastic action, this
distribution can be approximated by a linear-twist angle-of-
attack distribution with a value at the wing tip which is such
that the moment about the effective wing root of the area
under the linear-twist distribution equals the moment of the
area under the ealculated angle-of-attack distribution due to
inertia effects.  (The moment, rather than the area, is
suggested as a basis of correlation because the angles of
attack near the wing tip are more important in aeroelastic
phenomena than those at the wing root.) The justification
for this rather arbitrary approximation to the angle-of-
atlack distribution is that the correction to be applied as a
result of acroelastic action to the deformations due to inertia
loads is usually small compared with these deformations.

The angle of attack due to structural deformation o
associnted with the lincar-twist distribution can then be
obtained from equation (21) and figure 7 of reference 2 or,
if A=0, from figure 8 of reference 2. The lift distribution
associnted with the total angle-of-attack distribution due
1o the deformations caused by the inertia cffects, including
the inerement in this angle-of-attack distribution produced
by acroelastic action, can then be found from equation
(24h) of reference 2, in which o, and {, pertain to the calcu-
lated angle-of-atiack distribution due to the inertia cffects
(mot the linear approximation to this distribution). This
lift distribution can bhe integrated to obtain the rolling
moment due fo inertia effects, as modified by aeroelastic
action.

The rolling moment caleulated in this manner mayv then
be combined with the rolling moment due to aileron or
spoiler deflection, which may be caleulated as indicated in
the preceding section.  If the contributions of the tail and
the fusclage to the rolling moment are neglected,

- = 1 oL L\ .
7)(1—],,):E1 01635(181"“( op >87)

where p is the angular acceleration in roll, T is the mass
moment of inertia of the entire airplane about its longitudinal
axis, T, is the mass moment of inertia of both wings about
the longitudinal axis of the airplane, and (), is the flexible-
wing value of the rolling-moment coefficient due to aileron
deflection (which may be caleulated in the manner de-
seribed in the preceding section).  The ratio (0L/./0p), is
the rolling moment per unit rolling acceleration due to
inertia effects, including aeroelastic effects, and is equal to
— T, plus the rolling moment due to the lift which results
from the deformations due to the inertia loads per unit
angular acceleration in roll as well as from the acroclastic
deformations  which  accompany these inertia  deforma-
tions: in other words, (0L/,./0p)s is equal to —I, plus the
rolling moment ecalculated as deseribed in the preceding
paragraphs for p=1. Then

. 015 5QSb
Pohd 1 (%) 1T
dp /.

L 1 (364)

I—Te.

or

. 1 Clas' l&qu q‘b

P=114 _ﬁ‘ (36b)
where

¢, = ! %
153',- - 1 bL’,) 153
1 _—— T = .
I—-I,\09p /s

is a rolling-moment coefficient per unit aileron deflection
which includes static acroelastic effects, inertia effects, and
the acroelastic magaification of the inertia effects. This
rolling-moment coefficient is a truer index of the rate at
which a roll can be initiated than C’as' The 1nitial rolling

acceleration (disregarding unsteady-lift effects) can be

caleulated from equations (36).
ILLUSTRATIYE EXAMPLE

The approximate formulas described 1 the preceding
sections have been used to find the effects of aeroelasticity
on some lateral-control properties of the wing considered in
the illustrative example of reference 2. The resulting cal-
culations are an extension of those in reference 2, and the
additional parameters are presented in table II.

TABLE II.—PARAMETERS OF EXAMPLE WING

)
I Parameter Subsonic (M=0) |

Supersonie
| (M=135)
0.3 ‘ 0.5
1.0 \ 1.0
0.016 0. 458
0,052 | 241
7.76 79.0
0. 551 0. 551
2.82 2.82
0.474 0. 474
0.917 0.917
1. 006 1. 006
0. 650 0. 650
0. 160 0. 160
0,026 0.026
~—1.053 —0.077
1. G687 0.0713
10. 300 2, 500
Sce fig. 7(¢) See fig. 7(0)
See fig. 7(c) See fig. 7(c)
See eq. (29) See eq. (20
13+0.624 L 141.085 ql
CfCry o ‘ __q__’l_h NI LN
o 1-L 1-Z
qo . o
, 01"
pApo2ty 140621 L 141.085
an o

ZARN
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The subsonic and supersonic values of the parameters £,
¢, and d were calculated from cquations (9), (11), and (12),
respectively. With the appropriate values of the factors K,
to K; interpolated from table I, the values of ¢*; were cal-
culated from equation (21) and are given in table II. IFrom
these values of ¢*g, the subsonic and supersonic dynamic
pressures at aileron reversal were found by means of equation
(6). These values of ¢z vary as the reciprocal of the effective
lift-curve slope, if the corresponding values of ¢, and e, are
assumed to remain constant.

In order to find the angle-of-attack distributions due to
deflections of the aileron from equation (29), the values of
the functions f, and Af, were taken from figure 7(¢). The
spanwise change in angle of attack is shown in the top plot
of figure 9 for different values of the dynamic-pressure ratio.
The rolling-moment coefficient and wing-tip helix angle due
to deflections of the aileron were caleulated from equations
(34) and (35) and were plotted in figure 9 as functions of the

dynamic-pressure ratio 1
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Frcuvre 9.—Effect of aeroclastic action on some lateral-control prop-
erties of the example wing.

DISCUSSION

LIMITATIONS OF THE CHARTS AND APPROXIMATE FORMULAS

The charts and the approximate formulas presented in
this report arc subject to certain limitations as a result of
the approximations made in the calculations ou which they
arc based. These limitations are discussed fully in reference
2 and can be classified as restrictions on the plan form, on
the speed regime, and on the wing structure.  The limitations
are given very briefly as follows:

(1) The results obtainable by the use of the charts and
approximate formulas are likely to be unsatisfactory for
wings of very low aspect ratio, very large sweep, or zero
taper ratio.

(2) The results are restricted to wings on which the span-~
wise lift distribution is roughly proportional to the chord
and angle of attack and on which the section acrodynamic
centers arc at an approximately constant fraction of the
chord; these restrictions are most likely to be violated by
wings flving at transonic specds and by wings having con-
centrated sources of lift, such as nacelles and tip tanks.

(3) The results are somewhat restrieted to wings with one
of the two types of spanwise stiffness distributions used
in the analvsis, wings with no chordwise bending (relatively
thick wings), and wings having an elastic axis al an approxi-
mately constant fraction of the chord.

The manner in which the acroelastic effects of aileron
defleetion are analvzed in this report imposes certain ad-
ditional limitations that particularly affect the aileron
geometry. In the analysis in the appendix, the spanwise
lift distribution due to the deflection of an aileron was
approximated by strip theory, an approximation which is
probably less valid for aileron deflections than for geometric
angles of attack. The assumption was also made that the
centers of pressure due to aileron deflections are at a constant
fraction of the wing chord; this assumption is also probably
less valid than the assumption that the section aerodynamic
centers of the wing are at a constant fraction of the chord.
Since these assumptions are more nearly true for wings of
high than thosc of low aspect ratio, these limitations serve,
in effeet, to restrict the applicability of the present report
to aspect ratios somewhat higher than those amenable to
the analvses of reference 2.

The results of the present report do not take into account
explicitly any flexibility of the aileron itself because of the
assumption that the angle between the aileron and wing is
constant along the span of the aileron. This assumption is
almost universally made in analyzing the acroclastic prop-
erties of ailerons and is justifiable because the net effect of
the difference between the wing deformations and the aileron
deformations on the overall lift and moments appears to
be negligible.

As aresult of the fact that the static acroclastic phenomena
associated with lateral control involve many more param-
eters than do those associated with symmetric flight, the
coverage of the various parameters is not as complete as

in reference 2. Specifically, all the charts and approximate
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formulas presented herein are restricted to outboard lateral-
control devices (atlerons or spoilers) except for the uniform-
wing case, and most of the calculations upon which these
results are based were made for wings with half-semispan
outhoard ailerons (s,*=0.5, s,*=1). However, the results
of the analysis for the uniform wings with full-span ailerons
(5,¥=0, s,*=1) and tip ailerons (s,*—1, s,*=1) indicate
that, except for the angle-of-attack distributions, the results
based on a half-span aileron are approximately valid for
outhoard ailerons of spans differing considerably from one-
half. The ratio of the aileron chord to the wing chord is
assumed in the charts and formulas to be constant over the
span of the aileron.

RELATION BETWEEN STRENGTH AND STIFFNESS AS DESIGN CRITERIA

The relation between strength and stiffness as design
criteria was discussed in referenc> 2. The preliminary sur-
vey charts in reference 2 indicate the extent to which a
wing designed on the basis of strength considerations alone
is likely to be affected by acroelastic phenomena and, con-
sequently, indicate whether the wing has to be stiffened
hevond the amount associated with the required strength.
The preliminary survey charts of this report (figs. 3 to 5)
serve (he same purpose in regard to the aeroelastic effects on
lateral control; furthermore, even though the charts of
reference 2 may indicate that a particular wing is not sig-
nificantly affected by the acroelastic phenomena considered
in that report, this wing may still have to be stiffened be-
cause of an undesirably large loss in lateral control.

As may be concluded from the survey charts of reference 2
and the present report, as well as from the discussion con-
tained in reference 2, the following wings designed on the
basis of strength considerations are most likely to be subject
to adverse aeroclastic effects on lateral control and rolling
mancuverability:

(1) Wings operating at a high speed or dynamic pressure

(2) Sweptback wings

(3) Thin wings

(4) Wings designed for low wing loading

(5) Unswept and moderately swept wings with an elastic
axis relatively far forward on the chord or with the center
of pressure of the lift produced by aileron deflections rela-
tively far back on the chord as a result of the aileron configu-
ration (small aileron chord or wing of low aspect ratio) or
flight condition (supersonic speeds)

(6) Wings with a relatively high lift-curve slope

STRUCTURAL WEIGHT ASSOCIATED WITH THE REQUIRED STIFFNESS

When a given wing has been shown to be subject to un-
desirably large acroelastic effects by means of the charts of
reference 2 and this report or by any other method, the
problem arises how to distribute the additional required
stiffness—that is, which spanwise distribution of structural
material will alleviate the adverse acroeclastic phenomena
to the desired extent with the minimum increase in struc-
tural weight.

In order to shed some light on this problem, aeroelastic

and weight calculations have been made for wings with a
taper ratio of 0.5 with a family of somewhat arbitrarily
selected stiffness distributions which differ from the distri-
bution required by the constant-stress criterion in a manner
described in reference 2. These stiffness distributions are
designated by the tip stiffness ratio w, which is the ratio of
the stiffness E7 or GJ at the wing tip to the corresponding
stiffness of a constant-stress wing. The results of the
lateral-control calculations for wings with taper ratio 0.5,
with constant wing-thickness ratio /¢ along the span, and
with two of these stiffness distributions are included in
table I and figure 7 (b). The designation ‘“excess strength”
refers to the stiffness distribution increased over the constant-
stress requirement to such an extent that the value of w is
2.0. The results of the aeroelastic caleulations for the
stifiness distributions decreased below the constant-stress
requirement to a value of w=0.5 happen to be the same as
the results for the constant-stress stiffness distributions for
wings with linearly varving wing-thickness ratio and
(/).
(hfc)r
culations is that of the primary load-carrving structure;
the remaining structure is assumed to be unchanged in the
stiffening process.

The results of the weight calculations and acroclastic
caleulations in reference 2 indicated that in the case of wings
with taper ratio 0.5 stiffening the structure in the outboard
region of the wing (w greater than 1) was more efficient,
from weight considerations, in alleviating the aeroelastic
effects considered in that report than the addition of stiffness
in the inboard region. This conclusion is corroborated, in
essence, by the calculations made for the aeroelastie phe-
nomena considered herein. Figure 10, which consists of a
plot of the structural weights required for a given loss (20
pereent) in lateral control at a given dynamic pressure, indi-
cates that the least weight is associated with values of the
tip stiffness ratio o greater than 1, except for wings with
values of the sweep parameters k or k/e equal to —8. These
large negative values of £ or kfe, however, pertain to wings
that are either (1) sweptforward, or (2) sweptback with the
acrodynamic center behind the elastic axis (in the case of
negative k), or (3) sweptback with the center of pressure due
to aileron deflection ahead of the elastic axis (in the case of
negative kfe, as it may be for spoilers or leading-edge
allerons).

For sweptforward wings, the aileron rolling moment
usually increases rather than decreases with dynamic pres-
sure, so that Iateral control does not impose any structural
requirements. For sweptback wings with negative values of
e; and e,, alleviation of the aeroelastic effects in lateral con-
trol can be effected at the least cost in weight by adding
structural material in the inboard region of the wing; inas-
much as the minimization of the shift of the aerodynamic
center of these wings can be effected most efficiently by
stiffening the outer region of the wing, a compromise must
be made if both types of static aeroelastic phenomena are of
concern.

=0.5. The structural weight considered in these cal-
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Ficure 10.—The effect of tip stiffness ratio on the structural weight
required to maintain a constant level of lateral-control effectiveness
(C,‘;:O.SC%) at a given dyvnamic pressure for wings with a taper

ratio of 0.5.
SOME REMARKS CONCERNING THE AEROISOCLINIC WING

As shown in reference 2 an overall type of aeroisoclinicism,
in wbich bending and torsion action tend to cancel for the
wing as a whole, can be achieved for the acroelastic phe-
nomena considered in that report by a choice of a suitable
ratio of the bending to the torsion stiffness or by a choice of
the elastic-axis location, that is, by satisfving the relation

s, (GJ), 1 (37)

tan A=—- 7

erc, (ED), <

{(where K. is given in table I). However, also poiunted out
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in reference 2 was the fact that even if the conditions of
equation (37) are achieved there may still be great losses in
lateral control, and the wing may still be subject to adverse
dynamic phenomena; in fact, the severity of adverse acro-
elastic effects in the lateral control and of certain dynamic
phenomena may be increased as a vesult of achieviag aero-
isoclinicism.

The results of the present report corroborate the conclu-
sion concerning acroelastic effects on lateral coutrol. How-
ever, by suitable additional modifications a wing which has
been made aeroisoclinic can also be made to suffer no loss in
lateral control due to acroelastic action. As may be seen
from figures 3 to 5 or from equation (34), the condition for
no losses in lateral control is that ¢ be equal to ¢p or, by
setting equation (21) equal to equation (30), that

Kie (UG Ko) b+ Kd 4 (G- K) % d=0 38

of which the condition

s (GJ), 1
e, (ED), tan .\M—K‘z

@9

usually is an approximate solution. Therefore, in order to
satisfy both of the conditions speeified in equations (37) and
(38), the section moment arm ¢; must be nearly equal to
—e, or, in other words, the center-of-pressure parameters e
and ¢p; must be nearly equal, a condition which can be
satisfied by using full-chord ailerons (all-movable wing tips)
or a combination of geared leading- and trailing-edge ailerons,
for instance. However, as pointed out in reference 2,
attempts at solving static aeroelastic problems by aiming at
aeroisoclinicism may tend to aggravate certain dynamic
phenomena. The same statement must also be made con-
cerning the foregoing methods of alleviating static aeroelastic
effects on lateral control; these methods may, for instance,
lead to flutter difficulties which may require excessive mass
balancing.

RELATION OF THE CHARTS TO DESIGN PROCEDURE

The conventional procedure of designing a wing on the
basis of strength requirements and later checking it for
acroelastic effects can be facilitated at several stages by
using the methods described in the present report and in
reference 2. As pointed out in reference 2, for instance, the
preliminary survey charts presented thercin can be used to
establish some static aeroclastic characteristics that would
be obtained in symmetric flight if the wing were designed for
strength alone.

If these characteristies are deemed satisfactory, the de-
sign can proceed on the basis of strength requirements alone.
If, on the other hand, they are considered unsatisfactory,
the wing must be stiffened. The amount of additional
material required can be estimated, as indicated in reference
2, by interpolating between the results presented therein
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for the constant-strength case, the “excess strength” case,
(Mo,
(hjc),
additional structural material is usually most effective if
distributed near the wing tip.

Similarly, the preliminary-survey charts of this report
can be used Lo ascertain whether the wing can meet lateral-
control requirements if designed for strength alone. If it
must be stiffened to meet these requirements, the necessary
amount of additional material can be estimated in the
same manner as indicated in reference 2 for acroelastic
effects incurred in symmetric flight.

Inasmuch as the charts of reference 2 and of the present
report pertain only to static aeroelastic phenomena, the
problem remains of ascertainiog in the preliminary design
stage whether a wing designed for strength alone (or, for
that matter, a wing designed both on the basis of strength
requirements and of static aeroelastic considerations) is
likely to experience flutter difficulties. However, flutter is
a much more complicated phenomenon and depends on
many more parameters than do static acroelastic phenomena.
Consequently, preparation of a generally applicable set of
charts appears impractical. Nonetheless, although phe-
nomenologically flutter is not related to the static aero-
clastic phenomena considered in reference 2 and herein, it is
mechanically related by virtue of the fact that all these
phenomena depend on the wing geometry and the wing
stiffness (although the acrodynamic parameters are different
and flutter, unlike the static aeroclastic phenomena, involves
the mass distribution of the wing and the damping properties
of the structure). On the basis of past experience, certain
qualitative conclusions can be drawn concerning this
relation.

As shown in the charts of this report, the aileron reversal
speed, or the speed at which a specified amount of control is
retained, is lower for highly sweptback wings than for
unswept wings.  Similarly, the divergence speed decreases
rapidly as the angle of sweepforward increases. For a
tvpical family of wings the values of ¢* at divergence and
at reversal as obtained by the charts herein are shown as a
function of the sweep parameter k in figure 11. For un-
swept wings the dynamie pressure at flutter is usually within
a certain range varying between a value lower than the
dynamic pressure at reversal to a value higher than the
dynamic pressure at divergence, depending on the geo-
metrie, structural, aerodvnamice, and mass parameiers of
the given case, and varving even for a given case and a
given speed range with altitude, because a change in air
density may change the mode in which the wing flutters.
This wide range is indicated in figure 11 by starting three
flutter curves (which do not necessarily describe the upper
and lowee limits) at £=0. If the variation of flutter speed
with sweep angle is assumed for the purpose of illustration
to be similar to that indicated in figure 17 of reference 7,

and the case As previously mentioned, the

the flutter curves of figure 11 are obtained.

This figure must not be construed as presenting any
quantitative information; to emphasize this point the family
of wings is not identified. Even qualitatively the relation
between the dynamic pressures at flutter, divergence, and
reversal is subject to certain limitations because the flutter
tests of reference 7 were performed at subsonic speeds on
models without ailerons and concentrated masses, which
fluttered in the classical two-degree-of-freedom mode. There
is reason to believe that sweptback wings with high aspect
ratios flying at high altitudes may ecxperience a possibly
mild form of flutter in a single-degree-of-freedom mode, be-
cause a vertical motion necessarily implies vertical bending
and, hence, in the case of a swept wing, a variation in the
angle of attack. In general, the greater the number of
degrees of freedom the more difficult it is to relate Hutter to
the static aeroclastic phenomena.

However, at subsonic speeds and low or moderately high
altitudes at least, the trend shown in figure 11 should be valid
for wings without very large concentrated masses and with
irreversible controls, which tend to minimize the possibility
of aileron-coupled flutter. Consequently, if these wings are
highly swept back they can be designed to meet lateral-
control requirements with the likelihood that they will then
be safe against flutter as well, provided conventional lateral-
control devices arc used. On the other hand. if these wings
are unswept or even moderately swept back, they may have
to be stiffened beyond the amount required by static aero-
elastic considerations, or mass balanced, or both.

In any event the final design must be checked both for
static aeroelastic effects and for flutter. In many cases the
static aeroelastic effects ecan probably be calculated with
sufficient acceuracy by means of the charts and approximate
formulas of reference 2 and the present report. In some
cases, however, particularly if these effects are in any way
critical, a more refined method of analysis. such as that of
references 1 and 8, may have to be used.
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Fiocvre 11.—Variation of critical dynamic pressures with the sweep
parameter k.
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CONCLUDING REMARKS

An approximate method based on charts and approximate
formulas has been presented for estimating rapidly the
aeroelastic effects on the lateral control of swept and unswept
wings at subsonic and supersonic speeds. The charts and
approximate formulas presented herein together with those
presented in NACA Report 1140 also serve to simplify
design procedure in many instances because they can be
used at the preliminary design stage to estimate the amount
of additional material required to stiffenn a wing which is
strong enough and because they indicate that the best way
of distributing this additional material in most cases is to
locate most of it near the wing tip.

For the purpose of making specific calculations, the limita-
tions of the method of this report are that they do not apply
directly to wings with very low aspeet ratio, with very large
angles of sweep, with zero taper ratio, or with large sources
of concentrated aerodynamic forces.

The charts and approximate formulas indicate that the
control effectiveness of an airplane may be increased by
varving some of the design parameters such as the ratio of
torsional to bending stiffness and, if necessary, resorting to
unconventional lateral-control devices. The charts also in-~
dicate that a wing which is strong enough is most likely to
be affected by losses in lateral control due to wing flexibility
if it is to operaic at high dynamie pressures, if it is thin, if
it has a large angle of sweepback, if it has an clastic-axis
location relatively far forward on the chord or a location of
the center of pressure due to aileron deflection far rearward
on the chord, or if it is to operate at transonic or high super-
sonic Mach numbers.

LANGLEY AERONAUTICAL LABORATORY,
NaTioNAL ADvISORY COMMITTEE FOR AERONAUTICS,
Lavarey Fieup, V., March 7, 1952.
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APPENDIX

METHODS OF CALCULATIONS ON WHICH THE CHARTS ARE BASED

THE AEROELASTIC EQUATIONS

The assumptions made in the following analysis are the
same as those made in reference 2:

(1) Aerodynamic induction is taken into account by
applying an overall correction to strip theory.

(2) Acrodynamic and elastic forces are based upon the
assumption of small deflections.

(3) The wing is clamped at the root perpendicular to a
straight clastic axis, and all deformations are considered to
be given by the elementary theories of bending and torsion
about the clastic axis. In addition it is assumed, as in
reference 1 and elsewhere, that the angle between the
aileron and the wing is constant along the span of the
aileron.

Then, for a wing with an outboard aileron, the force per
unit width on sections perpendicular to the elastic axis is

qcCy,
[=— {44 “ (et a361,) (A1)
where 1, is & unit step function of s defined by
14(5)
| -
0 s

Si St

where 81 is the spanwise ordinate of the inboard end of the

aileron.” The running torque of this force about the elastic
axis is
QCQ(HC’LG
e (e 9
T4 (as—easdly) (A2)

where ¢ is the moment-arm ratio e/fe,.
The integration of these forces yields the accumulated
torque and bending moment:

qer €10L
IT=— 144 f < ) (as—ea;61)ds

(IC OL 8¢ 8¢ C
M= f f (et cud1)ds ds

(A3)

144 (A4)

Combining these equations with the equations of elastic
deformation presented in appendix A of reference 2 as

o= L% T ds

r= ("L ara
_Lﬁl/ Ky

results in two simultaneous equations of equilibrium:

g do gceCy,
ds ds)_ 144 < {(@ cos A—T sin A)—ea;6l,] (AD)
ary  1¢Cr, )
ds < Igs)= 144 WpcosA—Tsin )+ odl] (A6)

These equations are subject to the following boundary
conditions:

#(0)=0 (A7a)
r0)=0 (A7b)
<GJ ), =0 (A7)
(L’I a =0 (A7d)
(E] & F) —0 (A7¢)

The angle of attack due to structural deformations is
related to ¢ and T" by the equation

as=¢ cos A\—T sin A (A8)

After equations (A35) and (A6) have been solved, the rolling
moment about the wing root may be found from the ex-
pression

ngCl

Tid (49

=T, sin A+M,; cos A

where the root twisting moment 7', and the voot bending
moment M, are given by equations (A3) and (A4) evaluated
at s equal to zero. Then the rolling-moment ratio becomes

8" % (B1+EB2)+B3+€B4
R (A10)
% € s+ Bs
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where the functions B; to B; are defined by

B,TGB,_I( ) (Alln)
(Xa(s
Les* e o .
Byt eB= f f C & g g (A11D)
0Jo Cr 0gd
1 c 2
By—— f (—) 1, ds* (All6)
0o \Cr
1 % ¢
B5=f f — 1, ds* ds* (A11d)
oJo Cr
and where the parameter djk is defined by
%.—_";‘:’ tan A (A12)

SOLUTION FOR UNIFORM WINGS

If the torsional stiffness, the bending stiffness, and the
chord of the wing have constant values of (GJ),, (1),, and
¢, respectively, along the wing span, the equations of equilib-
rium (A5) and (A6) become

(A13)
(A1)

where the differentiation denoted by the prime is with re-

¢’ cos A= —q*[(p cos A—T sin A) —easd 1)

I sin A=—¢q [(¢ cos A—T sin A)+ s 1,]

spect to = l—si-

L
Differentiating equation (A13) once with respect to £ and
combining it with equation (A14) yiclds the single differential
equation of equilibrium,

o'+ ¢ o’ —Gos=asb ¢*e 1,/+7 1, (A15)
subject to the following boundary conditions:
a(1)=0 (A16n)
a'(0)=0 (A16b)
a5’ (0)=—¢" [e(0) — e s 1,(0)] (A160)

The complete solution of equation (A15) can be readily
obtained by means of Laplace transforms as

2O no—re—o~LOZH=E rglaraget

Js(1)
f(1—&)
’3(1)* 51)_10(5)

where the functions f;(£) and f5(8), as well as f,(¢§) which
will be used subsequently, are defined in appendix A of
reference 2 as

fa(B= Cre %+ eﬁ‘E(O_, cos 75-}—% sin 75)

foB)—faE— (A17)

Ji®)=Cie =1t (C’s cos v % sin 75)

TE=Cre= 1 eft ( (s cos vH—% sin 75)

where the constants of integration are defined in reference
2 in terms of the roots of the characteristic equation, —28

and g+/y. These three functions are equal to zero when

£<0.

The substitution of this solution into equations (All)
vields the functions

10

B, =0T f—fa ) —tek B (A1)
Bq*, By= LA =0 =8+ =T 1w —ra— e
(ztle)

Bz((j*; ]l'):fi(fls(_i)&)fs(l)_f.s(l —E)—& +9 £+ B, (AlSc)

Bi(g*, =5 [0~ 11 = 8+ LA — (1 — £)] +

1 1 1
I:ZS ;EI; fa(l)—_f;(l_fi)](l*—ztff (A18d)
By=—¢ (A18e)
By=t— 5 (A18[)
The value of ¢* at reversal is that value which makes

(h,/C; in equation (A10) equal to zero for given values of
0
the parameters k&, €, and d.

For a fullsspan aileron (&=1, &=0), equations (A18)

become
Bi(g* A)—?EB 1+ B, (A19a)
Bz(q*,k)=%[.ﬂ;(1)—1]+[%—"7;:83]f5(1)q* (A19D)
o RO 1 |
B3(q ,A)—_f3(3)—§+Bl (A\lgc)
B =L A= 114 LA = 1+] o~T |ng®
(A19d)
By=—1 (A19¢)
1
Bi=) (A190)

and for a “tip aileron” of very short span (&—0, §=0),

equations (18) become

741 &

Bilg" D= H0)+1/0)— LD g —1} kB A200
B-g(q*,k)—*—l:q*f.;(l) q*?gi 7’4(1)}, (A20b)

Bl D= { LD+ O— L0 o= 1] e B (4200
Bia* = { L) — 14+ g=T55 ] 1} & azo)
By=—§& (A20¢)

By=¢ (A200)
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SOLUTION FOR NONUNIFORM WINGS

By means of strip theory applied at a finite number of
points, equation (A1) may be written in matrix notation as

q('La .
{l}=7144'lc]{{as}+a65{10}j‘ (A‘?l)
and the expression for torque (A2) as
(IL’IOLG
144 ‘[02]{{013}—6(156{1,,}} (A292)

The matrix notation used in this analysis is the same as in
reference 1.
Equations (A3) and (A4), written in matrix notation, are

(=150 0, 11| (2) |t —catind) @2y

=00, | S| e +as(L)) (29
144 o, Cr

where the integrating matrices [I’] and [/I'] are, respec-
tively, for single and double integration from tip to root
and are given in reference 1. The value of {1,} at the
matrix station nearest the discontinuity of I, can be modi-
fied as in reference 1 in such a manner that premultiplication
of {1,} by |I)} and [II’;] yiclds the same arca and mo-
ment about the wing root, respectively, as would be obtained
by analytic integration. This modification may a’so be re-
garded as an attempt to round off the lift distribution near
the inboard end of the aileron in a physically reasonable
manner,

The combination of equations (A23) and (A24) with
matrix expressions for {¢} and {I'} in terms of {7} and
{ .M} (see appendix A of ref. 2) yields the equilibrium equation

(L1]—¢*[A)]{ e} =—¢ s {8}

which can be solved for { o }. The aecroelastic matrix [A4] is
defined in reference 1 and the column matrix {8} is defined
by

o L AT
T (EJ ][II]L ﬂ{z (A26)

After the rolling-moment ratio expressed by equation
(A10) is set equal to zero, the condition for aileron reversal

| B

(A25)

! 1
© (BiteB)+ Byt eBit Byt Bi=0

where the matrix equivalents of equations (Al1l) become

B, +eB._,=i—5 11 LG)—I {ee) (A279)
Betel= 11 Lﬂ (o) (A27b)
By=—1I"] L(Cﬁﬂ (1) (A27¢)

(A27dy

By=|I1"] Li] (1)

Therefore, the condition for aileron reversal expressed in
matrix notation is

Al (e o
s )T v )

Solving equation (A28) for e;6 and multiplying the resulting
equation by {B} vields

o3 [ [ () Jurr £ e
L" [ G T[]

The substitution of this expression for o;6{8}
equilibrium equation (A25) vields

aaﬁ{ﬁ - (A29)

into the

{as}:‘q*k[flR]{ as} (A30}
where the aileron-reversal matrix [dg] is defined by
(s }L | (£) | £
(Ag]=[4 (A31)

s ()l [

The value of ¢* at aileron reversal can be found by the itera~
tion of this aileron-reversal matrix.

REPRESENTATION OF RESULTS BY APPROXIMATE FORMULAS

Approximate formulas, similar to those in reference 2,
have been used to combine the results of the many compu-
tations indicated in this analysis; as in the case of the for-
mulas presented in reference 2, those presented in this sec-
tion arc based on considerations of a semirigid wing.

The functions B; to B; in equation (A10) have been found
to be given quite accurately by the following approx mate
CXpressions:

_ Q*/q*b Kk
Bl——Bsm_gi—ﬁl_ng (A32a)
7*p
L aYets Kat K 0
By=—15; " |- Kk (A32h)
(I*D
q*1q* o (Kat Kk )
Bo=—=Bs =« TRk (432¢)
(I*D
_ /s K, A3
B4—_Bﬁ _ q* 1-—-[{21[ (-\32(]}
Q*D
Bs=—B;K; (A32¢)

where the factors K, to K; depend on the aileron span, the
taper ratio, and the spanwise variation of the bending and
torsion stiffnesses. The factor K, is independent of the
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ailerou span, and the factor Kj is independent of the stiffness
variation.

The following approximate formula may by obtained by
the substitution of equations (A32) into equation (A10):

q

& T aa
i 9r A33
0[5 N (A33)

dp

where the value of ¢ at aileron reversal is

7 (1—Fuk) <1—K3% d)
gr= """

. (A39)
1+ K+ K.Kd)e+Kd+ K, Ai d+ Kk
With the use of the approximate formula presented in
reference 2,
* Kl
CPT IRk
equation (A34) becomes
K (1-K, 5 d)
q*R= . — (1&36)
1HE A KK e+ Kod + Ky T d+ Kk

(A35)

The accuracy of equation (A36) compared with the results
calculated directly by the method of the preceding section
is illustrated in figures 6 and 12.

512

= NEENE

3 ‘8 N\ Divergence.

g Analytic method N\ 3| 1-k=-8 d=1
§

§ 4l | —=——Fa.(a38) § .
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Ficure 12.—Comparison of dynamic pressures at aileron reversal
calculated by the analytic integration method of the appendix with
those calculated from equation (A36) for swept uniform wings with

tip ailerons. s,%—1.

The results of reference 2 indicate that the damping-in-roll
derivative may be expressed approximately by

01;;:0 ro j (A37)
gp
and since the wing-tip helix angle due to roll is
b G
2{)7‘_‘ Olp (A3S)

an approximate formula for rolling maneuverability is

-(2.0-)
2"7* QLY 0 qr
Figure 13 shows the approximate formulas (A33) and (A39)
to be in good agreement with more accurately computed

values.  (Actually, a slightly more accurate method of
estimating (' is given in ref. 2 but the simpler expression

(A39)

given here is comparable in accuracy to the expression for

3 T T 1
Motrix method A f
—  Ea-(A33) k=8, d=0.75" /
2 /
Gy //
Iy A-0 T |1
0 )
[ T /|
k=-8, d=0.75" S
o | | A
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|_~#:-8,d-075 r-oN k=8,d-075 | A
o ] \ )y
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—
———— Matrix method P |
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Dynamic - pressure rotio, @ /qD

Ficure 13.—Comparison of rolling power and rolling maneuverability
calculated by the matrix method of the appendix with those cal-
culated by equations (A33) and (A39) for uniform wings. s,*=0.5;
e=1.0.
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C,, and its simplicity facilitates its application to the esti-
mation of the rolling maneuverability.)

An approximate expression for the structural twist due
to atleron deflection similar to the expressions for the struc-
tural twists due to geometrical angles of attack given in
reference 2 has been deduced from the results of the analysis
in the preceding section:

o qlgp FaetEok) fo— Kok Afe
1—

(A40)

asb

ao

where f, and Af, are functions of the spanwise coordinate
s* the wing chord and stiffness variations, and the aileron
span. The accuracy of equation (A40) is indicated in
figure 14.
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